PASSIVE SYSTEMS WITH A NORMAL MAIN OPERATOR 
AND QUASI-SELFAD JOINT SYSTEMS 



YU.M. ARLINSKII, S. HASSI, AND H.S.V. DE SNOO 

Abstract. Passive systems r = {T, Tt, 91, ft} with 9JI and 91 as an input and output 
space and $} as a state space are considered in the case that the main operator on the 
state space is normal. Basic properties are given and a general unitary similarity result 
involving some spectral theoretic conditions on the main operator is established. A 
passive system r with 9Jt = 91 is said to be quasi-self adjoint if ran (T — T*) C 91. The 
subclass S gs (91) of the Schur class S(91) is the class formed by all transfer functions of 
quasi-selfadjoint passive systems. The subclass S 9S (91) is characterized and minimal 
passive quasi-selfadjoint realizations are studied. The connection between the transfer 
function belonging to the subclass S qs (91) and the Q-function of T is given. 



I. Introduction 
Let 97t, 9t, and be separable Hilbert spaces and let 



1.1) T 



B A) '■ U ) ^ U 



be a bounded linear operator. Here and in the following, it will be tacitly assumed 
that the spaces in the righthand side are orthogonal sums: 971 © and 91 © Sj. The 
system of equations 

hk+i = Ah k + B£ k , 



describes the evolution of a linear discrete time-invariant system t = {T, 9K, 91, f)}. 
The Hilbert spaces 9JT and 9t are called the input and the output spaces, respectively, 
and the Hilbert space is called the state space. The operators A, B, C, and D 
are called the main operator, the control operator, the observation operator, and the 
feedthrough operator of r, respectively. The subspaces 

(1.3) S) c = span{ A n BDJl : n G N } and Sj° = span { A* n C*m : n G N } 

are called the controllable and observable subspaces of r = {T, 971, 91, f)}, respectively. 
If = ($)° = 9)) then the system r is said to be controllable (observable), and 
minimal if r is both controllable and observable. If Sj — clos {S) c + then the 
system r is said to be a simple. Two discrete-time systems T\ = {T 1; 97T, 91, fii} and 
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r 2 = {T 2 , 971, 91, $) 2 } are unitarily similar if there exists a unitary operator U from S)\ 
onto f)2 such that 

(1.4) A 2 = UAxU*, B 2 = UB U C 2 = C X U\ and D 2 = Dl 

If the linear operator T is contractive (isometric, co-isometric, unitary), then the cor- 
responding discrete-time system is said to be passive (isometric, co-isometric, conser- 
vative). The transfer function 

(1.5) 0(A) := D + \C(I -\A)- l B, A G D, 

of the passive system r in (11.21) belongs to the Schur class S(9Jt, 91), i.e., 6(A) is 
holomorphic in the unit disk D = {A G C : |A| < 1} and its values are contractive 
linear operators from 9J1 into 91. Every operator- valued function 0(A) from the Schur 
class S (9)1,91) can be realized as the transfer function of a passive system, which can 
be chosen as observable co-isometric (controllable isometric, simple conservative, pas- 
sive minimal). Moreover two isometric and controllable (co-isometric and observable, 
simple conservative) systems having the same transfer function are unitarily similar. 
D.Z. Arov [TD] has shown that two minimal passive systems T\ and r 2 with the same 
transfer function 0(A) are only weakly similar, i.e., there is a closed densely defined 
operator Z : Sj\ — ► S) 2 such that Z is invertible, Z~ l is densely defined, and 

(1.6) ZA 1 f = A 2 Zf, CJ = C 2 Zf, /GdomZ, and ZB X = B 2 . 

Weak similarity preserves neither the dynamical properties of the system nor the spec- 
tral properties of its main operator A. In [Hj, [15] necessary and sufficient conditions 
have been established for minimal passive systems with the same transfer function to 
be (unitarily) similar. In [5] a parametrization of the contractive block-operator ma- 
trices in (11.11) was used to establish some new aspects and some explicit formulas for 
the interplay between the system r, its transfer function 0(A), and the Sz.-Nagy-Foia§ 
characteristic function of the contraction A. 

In this paper the same approach is applied to study passive systems with a normal 
main operator, including the class of passive quasi- self adjoint systems (pgs-systems for 
short), as defined in the paper. Furthermore, using the famous Mergelyan's theorem 
from complex analysis a general unitary similarity result is proved for such systems. 

The passive system r = {T, 91, 91, f)} is called a pgs-system if the operator 

(-) r-(S?)<ffl-G) 

is a quasi- self adjoint contraction (gsc-operator for short), i.e., T is a contraction and 
ran (T - T*) C 91, cf. |4J. This last condition is equivalent to A = A* and C = B*. If 
t is a pqs-system, then the transfer function (11.51) of r takes the form 

6(A) = W(X) + D, 

where the function W(X) is a Herglotz-Nevanlinna function defined on Ext {(—00, — 1]U 
[l,oo)}. The subclass S 9S (91) of the Schur class S(91) of L(91)-valued functions is 
the class of all transfer functions of pgs-systems r = {T; 91, 91, S)}. A necessary and 
sufficient condition for the function 0(A) to be in the class S qs is given, the minimal pqs- 
systems with the given operator- valued function 0(A) from the class S qs is constructed 
using operator representations of Herglotz-Nevanlinna functions. Moreover, a necessary 
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and sufficient condition for the function 0(A) £ S qs to be inner (co- inner) is proved 
and connections with pgs-system and other minimal systems with the same transfer 
function are established. Also it is shown that if, for instance, 0(A) £ S <?s (D r t) and 
< / 5 e(A) = = 0) then 0(A) is inner (co- inner). A matrix form of the inner 

function from the class S 9S (9t) when dim 91 < oo is also given, and in the case of 
scalar functions from the class S 9S (9t) a minimal representation is obtained by means 
of Jacobi matrices. 



2. Preliminaries 

Let 971 and 9t be Hilbert spaces and let 0(A) belong to the Schur class S(97t, 9t). The 
notation 0(£), £ £ T, stands for the non-tangential strong limit value of 0(A) which 
exist almost everywhere on T, cf. [27J. A function 0(A) £ S(9Jt, 9T) is said to be inner 
if ©*(£)©(£) = Ism f° r almost all £ £ T, and it is said to be co-inner if 0(£)9*(£) = I<n 
for almost all £ £ T. A function 0(A) £ 8(971,91) is said to be bi-inner if it is both 
inner and co- inner. 

2.1. Contractions and their defect operators. Let A £ L(!!qi, ft?) be a contrac- 
tion, in other words, let \\Af\\ < \\f\\ for all / £ Sj, or equivalently / — A* A > 0. The 
selfadjoint operator Da = (I — A* A) 1 / 2 is said to be the defect operator of A. Observe 
that ker Da = ker D\ = ker (I — A* A), and that 

(2.1) ker(I-A*A) = {fefi: \\Af\\ = ||/|| }. 
Clearly, any contraction A satisfies 

I > A* A >■■■> A* n A n > 0, n £ N, 

in other words the sequence ||^4 n /|| with / £ Sj is monotonically nonincreasing. In 
particular, the strong limit 

(2.2) S A = s-\imA* n A n , 

exists as an operator in L(Sji), cf. [25l p. 261]. The defect operators Da and Da* 
satisfy the following commutation relation: 

(2.3) AD a = Da* A, D A A*=A*D A *. 
Let Da stand for the closure of the range ranD^. Then 



(2.4) 



-A D A *\ (D a \ (D a > 
D a A* -{fit ^\ fix 



is unitary. Define the subspaces S)a,o an d $)a,i by 

$>a,i = { f e % ■■ 11/11 = \\A n f\\ = \\A™fl n £ N } , S) A ,o = fie Za,i. 
Then Sj = S)a,o © &A,i is a canonical orthogonal decomposition of fj such that 

(2.5) A = A ®A U Aj = A\S)aj, J = 0, 1, 

where S)a,q and S)a,i reduce A, A is a completely non-unitary contraction, and A\ is 
a unitary operator. The function 

(2.6) $aW : = {-A + \D A *(h-\A*Y l D A ) \D A , A £ D, 
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is the Sz.-Nagy-Foia§ characteristic function of the contraction A. It belongs to the 
Schur class S(Da,^a*)', cf. [27]. In fact, a straightforward calculation using the 
identities (J - XA)- 1 — I + X(I — XA)~ l A and Q yields 

(2.7) L>| A(A) = (1 - XX)D A (I - XA)-\I - XA^DaWa, 

which shows that $^(A) is contractive for A G D. Note also that $a*(A) is the transfer 
function of the conservative system 

(2.8) S = {T,D A ,,S) A ,^}, 
where 



(2.9) T 



-A* D A \ (® A *\ I Da 
D a * A ■ I Sj \Sj 



Let A G L(io!,i3 2 ) be a contraction and let £ be the corresponding conservative system 
in (12.81) . (12.91) . Then the controllable and observable subspaces, as defined in (11.31) . are 
given by 

(2.10) tfx = span {A n D a*® a* ■■ n e N }, = span {A* n D A ® A : n G N }. 

Observe that A is completely nonunitary if and only if £ is minimal. Since clearly 
®a(X)* = $a*(A), one has also 

(2.11) Dl A{x) , = (1 - XX)D A *(I - XA*)-\I ~ XA^Da-Wa*. 

Observe that if £ G T := {( gC: |£| = 1} belongs to the resolvent set of A, then ( 12.71) 
and (12. lip show that $a(0 is a unitary operator; cf. J27J p. 239]. 

A contraction A in a Hilbert space is said to belong to the classes CV or Co if 

s - lim A n = or s - lim A* n = 0, 



n— >oo 



respectively. By definition, Coo : = Co. D Co- Hence A G Coo precisely when 
(2.12) s - lim A n = s - lim A* n = 0. 



n— >oo n— >oo 



Observe that A G Coo implies that A is completely nonunitary, cf. (12.51) . The com- 
pletely non-unitary part of a contraction A belongs to the class C , C ., or C o if and 
only if its characteristic function &a{X) in (12.61) is inner, co-inner, or bi- inner, respec- 
tively; cf. [27J Theorem VI.2.3]. It follows from (Q that S A = implies A G C . and 
that Sa* = implies A G Co- 

A contraction A is said to be strict if \\Af\\ < ||/|| for all nontrivial / G Note 
that in view of (12. ip a contraction A is strict if and only if ker Da = ker D\ = 
ker (J — A*A) = {0}. Finally, a passive system r = {T; 9Jt, 91, fj} is said to be strongly 
stable or strongly co-stable if the main operator A belongs to the class Co. or Co, 
respectively; see [TT], [To] . 

2.2. Some properties of normal contractions. An operator A G L^x, #2) is said 
to be normal if A* A = AA*, or equivalently, if = \\A*f\\ for all / G ft, cf. [231 p. 
281]. It is clear from Sj = Sja,o © £>a,i and the orthogonal decomposition in (12.51) that 
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a contraction A is normal if and only if its completely nonunitary part A is normal in 
$)a,o- If A is a normal contraction then, parallel to (I2.ip . one has 

ker (/ - (A*A) n ) = ker (/ - A* n A n ) = { f G £ : \\A»f\\ = 11/11 } 

[ ' } = ker (/ - (AA*) n ) = ker (/ - A n A* n ) = { f G Sj : = 11/11 }• 

Moreover, if A is a normal contraction, then the defect operators Da and Da* satisfy 
Da = Da* and Da = Da*', in addition, (12.31) reads as 

(2.14) AD A = D A A, A* Da = D A A*. 

Lemma 2.1. Let A G L(f)i,f)2) be a normal contraction. Then the strong limit Sa 
satisfies Sa = Sa* and 

(2.15) S A {I -A*A) = 0. 
If, in addition, A is strict, then Sa = 0. 

Proof. If A is normal, then (12.21) implies that Sa = Sa* and 

S A A*A ={s- UmA* n A n )A*A = s - lim A* (n+1) A n+1 = S A , 

which leads to (12TT5D . □ 

Proposition 2.2. Let A G L(f)i,532) be a normal contraction. Then the following 
statements are equivalent: 

(i) A G C 00 ; 

(ii) A is completely non-unitary; 

(iii) A is strict. 

Moreover, the characteristic function $a(A) of A in (12.61) is bi-inner. 

Proof, (i) =^ (ii) This implication is a general fact for not necessarily normal contrac- 
tions. 

(ii) =^ (iii) Let A be completely non- unitary. Assume that A is not strict. Then there 
exists an element ^ fo G f)i such that ||^4/o|| = ||/o||- Since ker (I — A* A) C ker (I — 
(A*A) n ), n G N, it follows from fl2H) and (fil that ||/ || = P™/o|| = \\A* n fa\\ > 0. 
This contradicts the fact that A is completely nonunitary. 

(iii) =>■ (i) Let A be strict, so that ker (J — v4*v4) = {0}. Then Lemma [2.11 implies 
that Sa = 0, which leads to (12.121) . so that A G C o- 

Observe that if A is normal then $)a,i = ker Da as was just shown above. The 
completely non- unitary part Aq of A is normal and satisfies ker Da = {0}. Thus 
A G C 00 , i-e., $a(A) is bi-inner; cf. [23 Theorem VI.2.3]. □ 

If a contraction A is normal, then its controllable and observable subspaces coincide, 
which leads to the following observation. 

Proposition 2.3. Let A G L(fji,5}2) be a normal contraction, and let E be the cor- 
responding conservative system in (12.81) . (12. 9p . Then fy^ = and the following 
statements are equivalent: 

(i) E is simple; 

(ii) E is controllable; 

(iii) E is observable; 

(iv) E is minimal. 



6 



YURY ARLINSKII, SEPPO HASSI, AND HENK DE SNOO 



Proof. Since A is normal, it follows that Da*" 
identities 

oo 

(2.16) (%) ± = f|ker (D A *A* n ) 



D&n for all n G Mo- Hence the 

oo 

P| ker Da*", 



n=0 



n=l 



(2.17) 



p| ker (D A A n ) = p) ker D y 



n=0 



n=l 



imply that (i} s ) = (io s ) , or equivalently, 5} s 
equivalence of (i), (ii), (iii), and (iv). 



fj s . This identity implies the 

□ 



The following corollary is based on the fact that a contraction A is completely nonuni- 
tary if and only if the corresponding system £ in d 2 . 8 j) . (12. 9p is minimal. 

Corollary 2.4. Let A be a normal contraction. Then the statements (i)-(iii) in Propo- 
sition UOl and the statements (i)-(iv) in Proposition ^. 3\ are all equivalent. 

2.3. Parametrization of block operators. For a proof and some history of the 
following theorem, see [5]. 

Theorem 2.5. Let 9Jt, 91, f), and A be Hilbert spaces. The operator matrix T in (11.11) 
is a contraction if and only if T is of the form 



(2.18) 



T 



-KA*M + D K «XD M KD A 
D A *M A 



where A G L(£,£), M G L(97t,lD A *) ; K G L(D A ,0t), and X G L(£> m ,£>k*) are 
contractions, all uniquely determined by T . Furthermore, the following equality holds 
for all heTl, f G S): 



(2.19) 



-KA*M + D K ,XD M KD A 
D A *M A 

\D K (D A f - A*Mh) - K*XD M h\ 



\D x D M h\ 



Corollary 2.6. Let A G L(fj,.ft) be a contraction. Assume that K G L(lX)yi,9T), 
M G L(97t, Da*), and X G L(S5a/, Qk*) are contractions. Then the operator T in 
(EUD zs: 

(i) isometric if and only if DxDm = and DkD a = 0; 

(ii) co-isometric if and only if D x *Dk* = and Dm* Da* = 0. 

Let t = {T; 9Jt, 9t, S)} be a passive system and let (12.181) be the representation of the 
block operator T in (11.11) . Define for A G D the following operator- valued holomorphic 
functions 



(2.20) 

and 
(2.21) 



<p{\) :- 



-D X D M 
D K $ A *(\)M - K*XD M 



: m 



2) M 



V>(A) 



(D K ,D X , K$ A *{\)D M * - D K *XM*) : 
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Theorem 2.7 Q5J). Let r = {T; 97t, 9t, fj} be a passive system and let (12.181) be the 

representation of the block operator T in (II. ip . Then the transfer function 0(A) of t 
and the characteristic function & A *(\) of A* (see (12.61) ) are connected via 

(2.22) 0(A) = K<$> A « (A)M + D K *XD M , A G D; 



in particular, 0(A) G S(£DT, 0t). 


In addition, 


the identities 




(2.23) 




D* A<x) Mh\ 


r+ii^ii 2 , 


/i G 971, 


(2.24) 


n II 2 




2 +ih/>*(%ir, 


9 em, 



hold and the functions 95(A) and ^(A) in (12.201) and (I2.2ip are Schur functions. 

3. Passive systems with a normal main operator 

Let t be a passive system of the form (11.11) . If its main operator A is normal, then 
many properties of r and its transfer function simplify. 

3.1. Basic properties. The controllable and observable subspaces of the passive sys- 
tem in (11 .11) are defined in (11. 3p . Let the block matrix T have the parametrization 
(EUD, so that A n B = A n D A *M and A* n C* = A* n D A K*. If, in addition, A is normal 
it follows that D A * = Da and then (12.141) implies 

A n B = D A A n M, A* n C* = A* n D A K*. 

Hence, if A is normal, then fj c and Sj° have the form: 

(3.1) S) c = span { D A A n M9Jl : n G N }, S)° = span { D A A* n K*y\ : n G N }, 
or, equivalent ly, 

00 00 

(3.2) (SjY = p| ker (M*A* n D A ), = f| ker (KA n D A ), 

n=0 n=0 

Let the subspaces fi c N and ^)° N be defined by 

(3.3) fi c N = span { A n MM : n G N } , £^ = span { A* n K*Vl : n G N } , 
or, equivalently, by 

00 00 

(3.4) (!f N ) x = f| ker (M*A* n ), (Sj^) 1 = f| ker (KA n ). 

n=0 n=0 

Lemma 3.1. Let r = {T; 271, 9T, Sj} be a passive system with T of the form (12.181) 
with some contractions A G L(fj,£), M G L(VJt, T) A *), K G L(D A ,9T) ; and X G 
L(S)m, S)x*) ■ Assume that A is normal. 

(i) If ' $) C N is invariant under A* , then fj f) c N Ci]9 $j c . 

(ii) If $)° N be invariant under A, then S) S)° N C i} 
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Proof, (i) Assume that Sj% is invariant under A* or, equivalently, that fj $) C N is 
invariant under A. Hence, if / G ft Q S) C N then / and Af both belong to ker (M*A* n ) 
for all n G N . Thus, in particular, D\f = (I — A*A)f G ker Af*. Moreover, if p(t) 
is a polynomial then p(D A )f G ker Af*. Since there exists a sequence of polynomials 
{Pm{t)}m=i sucn that the sequence {p m (D A )} converges uniformly to D A , it follows 
that D A f G ker M*. Furthermore, the sequence {p m (D A )A* n } converges uniformly to 
D A A* n for all n G N. Since p m (D 2 A )A* n f G ker M* for all n G N , one concludes that 
D A A* n f G ker M* for all n G N . It follows that 

oo 

£ e S) C N C p| ker (M*D A A* n ) = S) & span { D A A n MVl : n G N } = ft Q tf. 

n=0 

(ii) The proof of (ii) is similar to the proof of (i). □ 

Proposition 3.2. Let r = {T; 9Jt, 9t, $)} be a passive system where T is of the form 
( Eg) m& contractions A G L(£,£) ; Af G L(SDT,IDa*); # e L(£ A ,9tj, and X G 
L(2) M , 23a:*). Assume that A is normal. 

(i) t is controllable if and only if 

(3.5) ker D A = {0} and ranD A n (3 = {0}. 

In particular, if ker D A = {0} and f) 1 ^ = f), inen r zs controllable; if r is 
controllable and fi c N is invariant under A* , then ker D A = {0} and $) C N = f). 

(ii) r is observable if and only if 

(3.6) ker D A = {0} and ranD A n (5} f>^) = {0}; 

In particular, if ker D^ = {0} and fj 1 ^ = $), then r is observable; if r is 
observable and fi° N is invariant under A, then ker D A = {0} and = 
(hi) r zs simple if and only if 

(3.7) ker D A = {0} and ranD A n ft + fi° N ) = {0}. 

In particular, if ker D A = {0} and f) = closji^^ + S)° N }, then r is simple; 
if t is simple, $) C N is invariant under A*, and fi° N is invariant under A, then 
ker D A = {0} and $j = clos{i3^ + 9j° N }. 
(iv) r is minimal if and only if 

kerD A = {0}, i&aD A n(SieSj e N ) = {0}, 
^ ' ' and ranD A n {?) G S)° N ) = {0}. 

In particular, if ker D^ = {0} and fj = i)^ = ^at; then r is minimal; if 
t is minimal, Sj c N is invariant under A* , and S)° N is invariant under A, then 
ker D A = {0} and $) = fi c N = fix- 
Proof, (i) Assume that ([33} holds. Let / G (^ c ) x . It follows from and 
that Da/ G fC=o ker (^*^* n ) = O^)^ The second condition in §3J$ shows that 
Da/ = and the hrst condition in (13.51) yields / = 0. Therefore, S) c = 5} and r is 
controllable. 

Now assume that r is controllable, i.e. S) c = fi. Then (13. 2p implies that ker D^ = 
{0}. Furthermore, if D A f G (S) C N ) L , then (J3~2]) implies that D A f G H^Lo ker (M*A* n ). 
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By (13.21) this leads to / G {$) c ) ± and hence / = by controllability of r. This shows 
that (13.51) is satisfied. 

If ker Da = {0} and Sj c N = fj, then (13.51) is satisfied. It follows that r is controllable. 

If Sj c N is invariant under A*, then Sj S") C N C S) fi c by Lemma 13.11 Hence, if in 
addition, r is controllable, it follows that S) C N = fj; moreover, it follows that ker Da = 

(ii) The proof is completely analogous to the proof for part (i) . 

(iii) If t is simple then it immediately follows from (13.11) that ker Da = {0}. More- 
over, it is clear from (13.21) and (13. 4p that D A f G ft (f) c N + $)° N ) ^ an d only if 
/ G $) (S) c + Now the statement is obtained as in part (i). 

(iv) This is obvious from the definition of minimality. □ 

Corollary 3.3. Let the main operator A of the passive system r = {T; 971, 9t, fj} be 

normal and let the system be simple. Then the system r is strongly stable and strongly 
co-stable. 

Proof. Since r is simple and A is normal, Proposition 13.21 shows that ker Da = {0} or, 
equivalently, that the contraction A is strict. Hence Lemma [2.21 implies that A G Coo- 
Therefore t is strongly stable and strongly co-stable. □ 

3.2. Defect functions. Associated with 0(A) G S(90T, 9T) are the right and left defect 
functions (or spectral factors) y?e(A) and i/jq(X), which satisfy 

(3.9) vUOMO <im- ©*(£)©(£), MtWeit) <i*- ©(£)©*(£)> 

almost everywhere on T. These operator-valued Schur functions are (up to a constant 
unitary factor) uniquely determined by the following maximality property: if y?(A) and 
"0(A) are operator-valued Schur functions for which 

(3.10) < im- e*(oe(0, ${iW{Q < ^-e(0©*(£), 

then they are dominated by y?e(A) and i/jq(X) in the following sense: 

(3.11) F(t)m < vuomo, < Mor e (o, 

almost everywhere on the unit circle T; cf. [T7|, [TS], [20], [21], [22]- 

Note that it follows from Theorem 12.71 that the functions <f(X) and ip(X) satisfy the 
inequalities 

(3.12) ^(ovco < v£(e)M0. mno < Mor e (o, 

for almost all (Gl 

Proposition 3.4. Let r = {T; 971, 9T, fj} be a passive system with a normal main 
operator A and let 0(A) G S(97t, 91) fre its transfer function. Ifr is simple and y?e(A) = 
(i(jq(X) = 0), then 0(A) is inner (co-inner, respectively). 

Proof. By Corollary 13.31 one has A G Coo an d, in particular, A is completely non- 
unitary. Therefore, <&a{X) and $a*(A) are bi- inner. On the other hand, if <fe(X) = 
(^o(A) = 0), then (I3TT2D shows that <p(£) = (V>(£) = 0) for almost all ( 6l Now 
(I2.23P ( (I2.24p . respectively) yields that Dq^ = (Z} *(O — 0) almost everywhere on 
T, i.e. 0(A) is inner (co- inner). □ 
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3.3. Unitary similarity. Recall that two passive systems Tj = {Tj; Ot, j = 
1,2, are said to be unitarily similar if there is a unitary operator U : f)i — > S) 2 , such that 
fll.4p holds. In particular, in this case the spectra of the corresponding main operators 
A\ and A 2 coincide. It is clear that if the systems T\ and t 2 are unitarily similar 
then they have the same transfer function. However, two minimal passive systems n 
and r 2 with the same transfer function 0(A) are in general not unitarily similar; such 
systems are only weakly similar as shown in D.Z. Arov [TO], see (11.61) . In the case of 
passive systems with normal main operators the following sufficient spectral-theoretic 
condition can be established. 

Theorem 3.5. Let t\ = {Ti; DJl, 9T, and r 2 = {T 2 ; 9Jt, 9T, f) 2 } be two minimal 
passive systems whose transfer functions coincide in some neighborhood of zero. Let 
the main operator Ak be normal and let Ck = SB^, k = 1,2, with S bounded and 
injective. Then, if the spectrum cr(Ak) of Ak, k = 1,2, does not contain interior points 
and p(Ai) D p(A 2 ) is a connected set in C, the systems T\ and t 2 are unitarily similar. 

Proof. Assume that the transfer functions Oi(A) and 62(A) of t% and r 2 coincide in 
some neighborhood of zero. Since Oi(A) and ©2(A) are holomorphic on D it follows 
that 0i (A) = 6 2 (A) for all A G D. The definition JTJD implies that D 1 = 0^0) = 
9 2 (0) = D 2 and that 

00 00 

\ m C l A™B 1 = X n C 2 A™B 2 , A G D. 

m=0 m=0 

Since Ck = SB%, k = 1,2, where S is bounded and injective, the previous equality 
yields 

(3.13) B* 1 A[ n B 1 = B;A™B 2 , m G N . 

Now define the relation Zq by 

<^ A{B lUj , Y AiB 2Uj I : u , m, . . . , u m G £Dt, m G N 
1 3=0 3=0 J 

Clearly Z is linear and 

dom Z = span { A^B x Wl : n G N }, ran Z = span { A%B 2 Wl : n G N }. 

Furthermore, it follows from (13.131) that 

{m m ^ 

Y a* 2 j b 2Vj , Al j B lVj \ G Z*, Vl ,...,v m eWl, me No, 
j=0 j=0 ) 

so that 

span { A* 2 n B 2 Tl : n G N } C dom Z*, span { A* 1 n B 1 Tl : n G N } C ran Z*. 

Due to the controllability and observability conditions (note that = BkS*), it follows 
from (13.141) and (I3.15P that both Z and Zq have dense domains and dense ranges. In 
particular, Z and Zq are (graphs of) operators, and, in fact, hiuIZq* = (dom Zq) 1 
implies that Z Q is a closable operator, i.e., its closure Zq* is (the graph of) an operator; 

cf. nu. 
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Next it is shown that under the assumptions on the main operators Ak, k = 1, 2, the 
mapping Zq becomes isometric. Since A is contractive the spectrum a(Ak) is a compact 
subset of the closed unit disk. The union a(Ai)Ua(A 2 ) is also compact and, in addition, 
does not have interior points. Indeed, this follows immediately from the fact that the 
sets cr(Ai) and cr(A 2 ) are closed and do not have interior points. Furthermore, by 
assumption C \ (o~(Ai) U a(A 2 )) = p(Ai) PI p(A 2 ) is connected. Therefore, according 
to Mergelyan's theorem (see e.g. fZE[ Theorem 20.5]) every continuous complex- valued 
function on a(Ai)Ua(A 2 ) can be uniformly approximated on a(Ai)Ua(A 2 ) by complex 
polynomials. Since for every n, m G N the function f n>m {z) = z n z m is continuous on 
C, there exists a sequence {Pj ,m {z) : j G No} of polynomials converging uniformly on 
cr(Ai) U o~(A 2 ) to f n ,m( z )- It follows from (13.131) that for every n, k,j G N one has 



(3.16) 



B{P^ m {A l )B l 



B* 2 Pp m (A 2 )B 2 . 



The functional calculus for normal operators shows that f n ,m{Ak) 
and therefore taking strong limits in (13. 16[) yields 



A*n Am h. 
A k 71 A; 5 ft 



1,2, 



(3.17) B* l A\ n A™B 1 
These identities imply that 



B*ATA™B 2 , m,nGN . 



m 


2 


m 








3=0 




3=0 



u m eWl, m G N 



and, therefore, the operator Z in f)3.14p is isometric. Since Z is densely defined with 
dense range, its closure Z is unitary. The identities ZA\ = A 2 Z and ZB\ = B 2 are 
immediate from (13.141) . while (I3.15P shows that ZqB 2 = B x which gives the identity 
C 2 Z = C\. Therefore, the systems T\ and r 2 are unitarily similar; cf. (11.41) . □ 

Corollary 3.6. Let t\ = {Ti; OT, ^Tl, Sjx} and r 2 = {T" 2 ; ^Xl, 9T, ^2} be two minimal pas- 
sive systems such that Ak is selfadjoint (Ak = A* k ) or skew-symmetric (Ak = —A%) 
and Ck = SBl, k — 1,2, with S bounded and injective. Then T\ and t 2 are unitarily 
similar if and only if their transfer functions coincide in some neighborhood of zero. 

Corollary 3.7. Let n = {Ti; 0T, Ot, Sji} and t 2 = {T 2 ; 0T, 9T, ^2} be two minimal pas- 
sive systems such that Ak is normal and has a discrete spectrum, and Ck = SBl, 
k = 1,2, with S bounded and injective. Then T\ and r 2 are unitarily similar if and only 
if their transfer functions coincide in some neighborhood of zero. 

Corollary 3.8. Let t\ = {Ti; DT, Ot, Sji} and r 2 = {T 2 ; 5^, 0T, S) 2 } be two minimal 
passive systems with a finite-dimensional state space $)k such that Ak is normal and 
Ck = SBl, k — 1,2, with S bounded and injective. Then t\ and r 2 are unitarily similar 
if and only if their transfer functions coincide in some neighborhood of zero. 

Remark 3.9. (i) The proof of Theorem 13 . 51 uses that fact that the operators f n ,m{A) = 
A* n A m , m,n G No, can be approximated by a sequence of polynomials in A. If, in 
particular, the adjoint A* of a bounded operator A can be approximated by a sequence 
P n (A), n G N , of polynomials in A, i.e., 



(3.18) 



A* = s - lim P n {A), 
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then the same is true for all of the operators f nt7n (A) = A* n A m , m,n G No- By taking 
strong limits in AP n (A) = P n (A)A one obtains from fl3TT8|) the identity AA* = A* A. 
Therefore, the condition (13.181) implies that A is a normal operator. 

(ii) If A is a normal operator, then A* = f(A) with f(z) — z by the functional 
calculus for normal operators. The function f(z) does not satisfy the Cauchy-Riemann 
equations, so it is nowhere holomorphic. Consequently, if cr(A) has interior points, the 
adjoint A* cannot satisfy the condition (13. 18ft . as one would get a uniform approxima- 
tion for f(z) on cr(A) via polynomials P n (z). 

(iii) If A is a normal operator on a finite-dimensional space, then it has n = dim 5} 
eigenvalues and it is unitarily similar to a diagonal matrix. Therefore, if A has d nonreal 
eigenvalues then by standard interpolation one finds a polynomial Q (say, of degree at 
most d— 1 when using only the nonreal spectral points) such that A* = Q(A). If there 
are two normal operators Ai and A 2 on S^k, n k = dimi^ < oo, k = 1, 2, then together 
they have at most rii + n 2 different nonreal eigenvalues and one can find a polynomial 
P (of degree at most n x + n 2 — 1) such that A\ = P{Ai) and A* 2 = P{A 2 ). Then 



fn,m(A h ) = A* k n A™ = P(A k ) n A™, n,me N , is also a polynomial in A k , k = 1,2. So, 



in the proof of Theorem l3.5l no limit procedure is needed in the case of finite-dimensional 
state spaces. 

(iv) Finally, note that the criterion for unitary similarity of minimal passive systems 
with the same transfer function which has been established in [H] is essentially of 
different nature than the above spectral theoretical sufficient condition in Theorem 13 .51 



4.1. Quasi-selfadjoint contractions and associated passive systems. Let H be 

a Hilbert space. A linear operator T 6 L(7~0 is said to be a quasi-selfadjoint contraction 
(gsc-operator for short) if 



The next theorem is a consequence of Theorem I2.5( see [4 J . 

Theorem 4.1. Let T be a qsc-operator in the Hilbert space 7i and let 9t be a subspace 
in 7i such that ran (T — T*) C 9T. Then with respect to the decomposition 7i = 91 © S), 
where Sj = TC Q Ot, the operator T has the following block form 



where A = P^T\S) is a selfadjoint contraction and K 6 L(S) J 4,D f t), X 6 L(T) K *) are 
contractions. 

The system r = {T; 91, 91, $)} is said to be passive quasi-selfadjoint (r is a pgs-system 
for short) if T in (jl.7p is a contraction and if ran (T — T*) C 9t. It follows that T is a 
gsc-operator in 91 ©f) and that A = A* and C = B*. Moreover, according to Theorem 
I4.1[ B, C, and D have the form 



4. Passive quasi-selfadjoint systems 



domT = H, ||T|| < 1, and ker (T - T*) ^ {0}. 



(4.1) 




(4.2) 



B = D A K* 



C = KD 



D 



KAK* + D K *XD 
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where K G L(®a, 01) and X G L(£)^ ) are contractions. For a pgs-system the control- 
lable and observable subspaces coincide, see (13. ip : 

(4.3) S) c = Sj° = span { D A A n K*m : n G N } C D A - 

4.2. Minimal representations of pgs-systems and unitary similarity. A pqs- 
system can always be reduced to a minimal pgs-system. 

Proposition 4.2. Let r = {T; 01, 01, $)} be a pqs-system of the form (ll.7p and let B, C, 

and D be given by (14.21) with some contractions K and X . Define the system 

(4.4) r s = {T s ;%m,Sj s }, 
where the subspace S) s is given by 

(4.5) f> s = span { A n K*m : n G N } , 
and where the operator T s is given by 



(4.6) 



D C\S) S \ /0l\ /01 



TTien r s zs a minimal pqs-system and the transfer functions of the systems r and r s 
coincide. Moreover, the system r is minimal if and only if 

(i) |L4/||< H/ll for allfe%\{0}, 
(h) £> s 

In this case the system r is strongly stable and strongly co-stable. 

Proof. The subspace Sj s in (14. 5 p reduces A and therefore it also reduces Da = (/# — 
A 2 ) 1 / 2 . Furthermore, TEnK* C Let A s = A\fi s , then D As = Da\ fi s and, hence, 
DaK* = Da s K*. Define the operator C s by 

C s = C\tf = KD As . 

Then T s in (14.61) is a gsc-operator in 01©f) s . Since ran K* C Qa^$) s , one has Da s = ^> s - 
Now the construction shows that the system t s in (14.41) is minimal. Clearly, the transfer 
functions of r and r s coincide. 

As to the minimality of r observe that Sj s = $j c N = Sj° N , since A = A*; see (13.31) . 
Hence, the characteristic properties (i) and (ii) for minimality of a pgs-system r are 
obtained from Proposition 13.21 

The last statement holds by Corollary 13.31 □ 

It is a consequence of Theorem 13.51 that within the class of pgs-systems the following 
unitary similarity criterion holds; see Corollary 13. 6[ 

Proposition 4.3. Let t\ = {T\\ 01, 01, S)i} and r 2 = {T 2 ; 01, 01, Sj 2 } be two minimal 
pqs-systems. Then T\ and r 2 are unitarily similar if and only if their transfer functions 
coincide in some neighborhood of zero. 
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4.3. Transfer functions of pgs-systems. Let r = {T; 91, 9t, fj} be a pqs-system of 
the form (jl.7p and assume that T is represented in the form (14. ip . Then the transfer 
function 0(A) of r has the form 

(4.7) 6(A) = K$ A (\)K* + D K *XD K *, A G D, 

where $a(A) is the characteristic function of the selfadjoint contraction A; see ( 12. 6ft . 
The function $> A (X) is holomorphic on T \ { — 1, 1} and, in fact, it belongs to Herglotz- 
Nevanlinna class on Ext {(— oo, —1] U [1, oo)}. Furthermore, <& A (X) has nontangential 
strong limit values $^(±1) = ±/x» A j see e -g- PS Theorem 2.3]. Consequently, the 
limit value $a(0 is unitary for every £ G T (see ( 12.71) . (12.111) ). in particular, $^(A) 
is bi-inner. It follows from (14. 7p that 0(A), initially defined on D, admits a holomor- 
phic continuation onto Ext {(— oo, —1] U [1, oo)}. Furthermore, 0(A) has nontangential 
strong limit values 0(±1) at ±1 which are given by 

(4.8) 0(1) = KK* + D K *XD K *, 0(-l) = -KK* + D K *XD K *. 
Define the function W(A) by 

(4.9) W(X) = 0(A) - 0(0), A G Ext {(-oo, —1] U [1, oo)}. 
Since 

(4.10) 0(0) = -KAK* + D K *XD K *, 
it follows that 

(4.11) W(X) = XK(I - XA)' 1 D\K\ A G Ext {(-oo, -1] U [1, oo)}. 

Hence W*(X) = W(X) and 

W(X)-W*(Q = f KD A (I - XA)-\I - U): X D A K\ ^ A, 
A - 1 \ KD A (I - XA)- 2 D A K\ f = A. 

Therefore W(A) is an operator-valued Herglotz-Nevanlinna function with a holomorphic 
continuation onto Ext {(— oo, —1] U [1, oo)}. From (14.81) one sees that the strong limit 
values W(±l) exist and that they are given by 

W(l) = K{ I + A)K*, W(—l) = —K(I — A)K*. 

Hence, 

m±Etn =KAK% J _^(i)-^(-i) =/ _^. =g|->0 

2 '2 K ~ 

Since X in (I4.10p is a contraction in ®k*, these identities show that 

W{l)+W{-1) T W{\)-W{-\ 



(4.12) 0(0) e B 

Here B(S, R) = {S + R 1/2 XR 1/2 G L(9l) : X a contraction in L(fan R) } stands for 
the operator ball with center S G L(D r t) and left and right radii R > 0. 

Definition 4.4. Let 01 be a Hilbert space. The class S 9S (D r t) consists of all L(D r t)-valued 
functions 0(A), defined on D, such that 

(SI) W(X) = 0(A) — 0(0) is a Herglotz-Nevanlinna function with a holomorphic 
continuation onto the domain Ext {(— oo, —1] U [1, oo)}; 
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(52) the strong limit values W(±l) exist and W(l) - W(-l) < 21; 

(53) 9(0) belongs to the operator ball in fl4~12]) . 

The following proposition is now clear. 

Proposition 4.5. Let r = {T;9T, 0T, S)} be a pqs-system. Then its transfer function 
9(A) belongs to S 9S (9t). 

5. The class S qs and its realization via passive systems 

5.1. The realization of the class S qs . The next theorem is a converse to Proposi- 
tion 14.51 In its proof a minimal pgs-system is constructed explicitly via an operator 
representation of the Herglotz-Nevanlinna function W(X) = 9(A) — 9(0). 

Theorem 5.1. Let 91 be a Hilbert space and let 9(A) G S gs (91). Then 9(A) is the 
transfer function of a minimal pqs-system r = {T; 01, 01, fj}. 

Proof. Assume that 9(A) G S 9S (01). By the condition (SI) the function 

W(z) := -W(l/z), z G Ext [—1, 1], 

is a Herglotz-Nevanlinna function of the class N<n[— 1, 1] with W(oo) = 0, see [I]. 
It follows from the condition (S2) that the strong limit values W(±l) exist. Then 
according to [4, Theorem 2.3] there exist a Hilbert space ft, a selfadjoint contraction 
A in Sj, and an operator G G L(9t, 3)^), such that 

W{z) = G*{A-zI)-\l - A 2 )G, 

see [3]. It follows that 

W{-1) = -W{-1) = -G\I - A)G, W{1) = -W{1) = G*{I + A)G. 
Consequently, 

m±EtH = S 'AG, i- w ®- w <>-»=i-crG. 

2 2 

The condition W(l) — W(— 1) < 21 implies that G is contractive. The condition (S3) 
means that 9(0) = — G*AG + DqXDq for some contraction X in the Hilbert space 
Dq. Define in the Hilbert space TC = 91 © ft the operator T by 

~ _ f-G*AG + D d XD d G*D A 
' ~~ V D A G A 

Then T is a gsc-operator, ran (T — T*) C Ot, and the operator T defines a pqs-system 
t = {T; 9T, 9T, i^}; cf. Theorem 14. 1[ The corresponding transfer function is given by 

e 7 (X) = G* (—A + XAj ^ D 2 ^j G + D d XD 5 , A G D. 

Therefore, 9^(A) = 9(0) + W(A) = 9(A), A G D. This means that the function 9(A) 
can be realized as the transfer function of the pgs-system r. Finally, replacing r by the 
system r s , cf. Proposition 14.21 one obtains a minimal pgs-system. The corresponding 
transfer function still coincides with the function 9(A). □ 
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Observe that Theorem 15. II implies that the class S 9S (9t) is a subclass of the Schur 
class 8(91). Furthermore, the proof shows that a function 0(A) from the class S gs (9t) 
admits the integral representation 

where £(t) is a non-decreasing L(9t)-valued function with bounded variation, £(— 1) = 
0, £(1) < Iyi, and 

2 

<((/-£(!))/,/) {(I-X(l))g,g), f,gem. 



B(0)+J tdE(t)j f,g 



Corollary 5.2. Let W be a Hilbert space and let 0(A) G S qs (m). If<p e W = ^e(A) = 
0) then 0(A) is inner (co-inner). 

Proof. By Theorem 15.11 there exists a minimal pgs-system r = {T, 9t, 9t, 53} with trans- 
fer function 0(A). Now the statement follows from Proposition 13.41 □ 

Theorem 5.3. Let 9? be a Hilbert space and let 0(A) G S 9S (9t). Then: 
(i) i/0(A) is inner then 

'0(l)-0(-l)\ 2 0(l)-0(-l) 



(5.1) V 2 

(0(1) + 0(-l))*(0(l) + 0(-l)) = 4J m -2 (0(1) - 0(-l)) ; 
(ii) if 0(A) is co-inner then 

'0(l)-0(-l)V 0(l)-0(-l) 



(5.2) V 2 J 2 

(©(I) + e(-l))(6(l) + e(-l))* = 4/^-2 (0(1) - 0(-l)) ; 

(iii) if (15.11) ( (15.21) ) holds and 0(£) is isometric (co-isometric) for some C, G T, 
£ 7^ ±1, then 0(A) is inner (co-inner). 

Proof. Since 0(A) G S gs (9t), it is the transfer function of a minimal pgs-system r = 
{T, 91, 9t, $)}. The operator T, being quasi-selfadjoint, has the form (14. ip and 0(A) 
is given by (14.71) with a holomorphic continuation into the domain Ext {(— oo, — 1] U 
[l,oo)}. Since $^(0 is unitary for every £ G T, it follows from (12.231) and (12.241) in 
Theorem O and the definitions fl2T20l) and (l2T2Tp that for all h G 91 and £ G T 



(5.3) 



|£>e ( ^|| 2 = \\D x D K *h\\ 2 + \\(D K $ A (£)K* - K*XD K .)h\\' 



\D e *(0h\\ = \\D x *D K *h\\ 2 + \\(D K $ A (£)K* - K*X*D K *) h\\ 
(i) Suppose that 0(A) is inner. Then (15 .3p shows that 

D X D K * = 0, 

D K <Z> A (£)K* = K*XD K *, £gT. 
The last equality yields that D K & A (\)K* = K*XD K » for all A G D. Since 



$ A (A) = -A + ^\ n+1 A n D 



2 

A- 

n=0 
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it follows that D K D A A n D A K* = 0, n G N . The minimality of r implies that D K f = 
for all / G Da', see ( I4.3|) . Hence, is isometric and is an orthogonal projector 
in the subspace Due to the identity DxDk* = 0, X G L(lDx*) is isometric (here 
possibly D^. = {0}). Now from the equalities in (14. 8[) one obtains 

(5.4) /«- = 9 < 1 >- 9 '- 1 > 
and 

(5.5) Mp = JlJJ , f = gffl±gH) , 

These identities together with the equality X*X = „ lead to (15. ip . 
(ii) The proof is similar to that of (i). 

(hi) Assume that (15.11) holds and that 0(£) is isometric for some ( 6 T, ( ^ ±1. Due 
to (15. ip Dk* is an orthogonal projector in 9t and X is isometric in Qk*- Hence, K* G 
L(9T, ft) is a partial isometry and, moreover, D^K* = K*Dx* = and K*XDx* = 0. 
Since 0(£) is isometric, ( 15. 3D gives Dx$a(0-^* = 0- Furthermore, since 

-a + ah - a 2 )(i„ - ^r 1 = £ + (e - 0(4 - ^r 1 , 

the equality L>^$a(£)^* = with £ / £ implies that £>k(4 - = 0, i.e. 

- ^A) -1 raiiA'* C ranK*. 
Thus A(rani^*) C ran if* (since A = A*) and hence D A {rB,nK*) C ranfT*, so that 

(5.6) spEn{A n D A K*m : n G N } C ran IT. 

Consequently rani^* = fj, i.e., K G L(f),9t) is isometric. Therefore, Dk&a(()K* = 
for all ( G T and 0(A) is inner in view of H 5 . 3 1) . Similarly, if ( 15.21) holds and 0(0 is 
co-isometric for some £ G T, £ 7^ ±1, then 0(A) is co-inner. □ 

Theorem 5.4. Let t/te Hilbert space Dt 6e finite- dimensional and let 0(A) &e a non- 
constant inner function from S 9S (9T). TTien 0(A) is rational and 

r^/w j- /A — ai A — a 2 A — a m 

0(A) = diag — , — , . . . , , X 

VI — Aai 1 — Aa 2 1 — AO. 



''m 



relative to some orthonormal basis in 9t. Here the not necessarily distinct numbers 
Oi, 02, . . • , o m belong to (—1,1), and X is a constant unitary matrix. 

Proof. Since 0(A) G S gs (9t), it is the transfer function of a minimal pgs-system r = 
{T, 9t, 9t, fj}. As T is quasi-selfadjoint, it has the form (14.11) . and 0(A) is given by (14.71) . 
Since 9t is finite-dimensional and 0(A) is inner, 0(A) is automatically bi-inner. Then 
in (13. 9p one has v 5 e(A) = and ^e(A) = 0. Thus by [SI Theorem 1.1] r is conservative 
(in fact, this conclusion can be derived also from the proof of Theorem 15.31 above by 
applying Corollary I2.6p . As 0(A) is nonconstant, A is non-isometric, K is isometric, 
and X appearing in (14. Xp is unitary in Dk*- Since r is minimal, Proposition 14.21 shows 
that Da — $ = $) s - Hence K G Li(D A , 9t) isometric implies that dimfj < dim 91 < 00, 
so that 0(A) is rational. Let % = ran if, Dti = Dt e % = ker K*. Then K*%) = Sj 
and 

0(A) f 9^ =X : 9Ti ->«Ki, 0(A) f9to = iT$ A (A)K* f% : 9?o -> %• 
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Suppose that dimfj = m and that the eigenvalues of A. Choose an 

orthonormal basis in fj consisting of eigenvectors of A. Then K maps this basis onto 
some orthonormal basis in 91o- With respect to this basis the matrix 0(A) f91o is 
diagonal with entries ^(A), k = l,...,m, and since $a(A) has the form f)2.6p . it 
follows that 

e tt (A) = -a i+ (i^ = ^. 

1 — A afc 1 — A afc 

This completes the proof. □ 

5.2. Bi-inner dilations of functions from the class S qs . The function 0(A) G 
S(97t, 91) is said to have an inner dilation if there exists a function r (A) such that 

( A ) = (e r ( (A)) eS(97t,91©£) 

is inner. The function 0(A) G S(97t, 91) is said to have a co-inner dilation if there exists 
a function ©i(A) such that 

0(A) = (0(A) 0z(A)) G S(97t © £, 91) 

is co-inner. The function 0(A) G 8(971,91) is said to have a bi-inner dilation if there 
exist functions 0n(A), ©22(A), and ©21(A) such that 

(5.7) @ W = (e% e$) )6S(a*e**ffl£) 

is bi-inner. Recall the following result due to Arov cf. |16j . 

Proposition 5.5. Let r = {T; 971, 91, $)} be a passive system with transfer function 
0(A). Then: 

(i) if t is strongly stable, then 0(A) has an inner dilation; 

(ii) if t is strongly co-stable, then 0(A) has a co-inner dilation; 

(iii) if t is strongly stable and strongly co-stable, then 0(A) has a bi-inner dilation. 

In [5] this result was proved using the parametrization in Theorem 12.51 and (12.221) . 
Since a function 0(A) G S 9S (91) can be realized as the transfer function of a minimal 
pgs-system, it is strongly stable and strongly co-stable by Corollary 13.31 Hence it 
admits a bi-inner dilation by Proposition 15.51 

Proposition 5.6. Among the bi-inner dilations of 0(A) G 8^(91) there exists a bi- 
inner dilation from the class S 9S (91). 

Proof. Since 0(A) G S gs (91), it is the transfer function of a minimal pgs-system r = 
{T, 91, 9t, fj} by Theorem 15.11 The operator T, being quasi-selfadjoint, has the form 
(14. ip and therefore 0(A) is given by (14. 7\\ . Define the following functions 

«M» ~ (^ (A) £,f 

12 (A) := (KQ A {\)D K - D K *XK D K *D X «) : J ^91, A G D, 
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Let & = £ = D K ®D K * and 23 
define the operator T by 



where A = A, D = 0(0), and 



9T©£, and let 0(A) be defined by (15.71) . Furthermore, 



D C 
B A 











f), C = B* = 




Da ■ ■£) > 






K o j 







B = D A (K* D K 0):\S) K 

Simple calculations show that the operator T is unitary and quasi-selfadjoint. Hence, 
the system rj = {T; 23, 23, $)} is conservative. Since A G Coo, the system r] is minimal; 
see Corollary 12.41 and e.g. [5], Proposition 5.2]. In addition it is easy to see that the 
transfer function of rj coincides with 0(A) and therefore 0(A) G S 9S (23) by Proposi- 
tion H75J Since rj is minimal and conservative, 0(A) G S(23) is a bi-inner dilation of 
0(A) G S(«Tt) in view of [5, Corollary 5.3]. □ 

Remark 5.7. With straightforward calculations it is easy to see directly that 0(A) G 
S(23) as defined explicitly in Proposition 15.61 is bi-inner; cf. [5, Proposition 7.1]. 
Furthermore, using the explicit formula of 0(A) one can also calculate the function 
W(A) := 0(A) — 0(0) as introduced in Definition 14.41 Observe, that 







f m 




H 











and that 



0(0) 



( —KAK* + D K *XD K * —KAD K — D K *XK D K *D X > 
-DkAK* - K*XDk* K*XK - D K AD K -K*D X * 
-D X D K * D x K X*. 



Thus, 



W(A) 



XKD^Ifi — XA)^K* XKD^I^ - XA)~ l D K N 
XD K D 2 A (I^- XA)- l K* XD K D A (Isj- XA)- l D K 
0, 



which implies that the Nevanlinna kernel 

W(A) - W*(A) 
A- A 

is given by 

/ KDKl^-XAy^I^-XA^K* kdKi^-xay^i^-xa^Dk o\ 

D K D\{I„ - XA)~ l {I^ - XA)~ l K* D K D\(I^ - XA)-\l„ - XA)~ X D K . 
V 0/ 

Therefore, W(A) is a Herglotz-Nevanlinna function defined on Ext {(— oo, — 1]U[1, oo)}, 
which reflects the defining properties of the class S gs (9T) in Definition 14.41 
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6. Minimal systems with transfer functions of the class S qs 

In this section the class of minimal systems f = {T, 9t, Ot, $)} of the form (11.21) are 
considered. The system f is not assumed to be passive, so that the bounded operator 
T in (11.11) need not be contractive. The next result can be seen as an extension of the 
unitary similarity result for pgs-systems in Proposition 14.31 

Theorem 6.1. Let 0(A) G S 9S (9t) and let 

(6-1) f= {(i? a) ]%% * 

be a minimal, not necessarily passive, system whose transfer function coincides with 
0(A) in some neighborhood of zero. Then there exists a positive self adjoint operator S 
in fj such that 

A*S = SA, C* = SB, 

and such that 

?0 = { {sv 2 b s^As- 1 / 2 ) 

is a minimal pqs- system with transfer function 0(A). Moreover, f becomes apqs-system 
with respect to the inner product in domS* 1 / 2 C Sj given by 

{if, VO s i/ 2 = (£ V V, S l/2 i>)^ dom S 1 ' 2 . 

Furthermore, if Q(X) is inner (co-inner), then all minimal passive realizations o/0(A) 
are unitarily similar isometric (co-isometric) pqs-systems. 

Proof. Since 0(A) G S 9S (D r t), it is the transfer function of a minimal pgs-system tq of 
the form 

(6.2) T ° = {{b T) ]%% ^ 

Here A is a selfadjoint contraction in the Hilbert space 5j and C = B*. Furthermore, 
0(A) has the form 

Q(\) = W(X) + D, 

where W(X) = XB*(I — \A)~ 1 B, A G D, is a Herglotz-Nevanlinna function on the 
domain Ext {(— oo, — 1] U [l,oo)} and W(0) = 0. Since the transfer function of f in 
(16. ip is of the form 

6(A) = D + XC(I - XA)- 1 ^, 
one concludes that D = D and in some neighborhood of zero 

(6.3) C(I - XA^B = B*(I - XA)- 1 B. 
Consequently, 

(6.4) CA k B = B*A k B, k G N . 
Define the linear operator Y by 

(6.5) Y=\^A k Bu k ,^A k Bu k y.u ,u 1 ,...,u n <Z% neN 

I I k=0 k=0 ) 
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It follows from (13.131) that 

^A^i'^ Gf, Vl ,...,v m e% mG N . 

fc=0 k=0 ) 

By minimality of f and To, Y and its adjoint Y* have a dense domain and dense 
range. In particular, the operator Y is closable and the closure Y = Y** is a densely 
defined operator with dense range. Definition 16.51 and the relations (|6.4p . (16.61) yield 
the equalities 

{AYu = YAu, u G domF, 
Cu = B*Yu, u G domF, 
YB = B, 

which means that the systems f and r are weakly similar; see (II. 6p . cf. also [10]. Now 

define a positive selfadjoint operator S by S = Y*Y. Since Y*B = C* and YB = B, 

o 

one obtains SB = C*. Represent Y in the form Y = US 1 ' 2 , where U : 5} — >$) is an 

o 

isometry and domS" 1 ' 2 = domF. Because ran!" =fj, the operator U is a unitary from 

o ~ 
fj onto ft. Define a selfadjoint contraction A in Sj by the equality: 

A = U~ l AU. 

Then the equality Y A = AY gives 

S x '*Av = AS 1 l\ vedomS 1 / 2 , 

or, equivalently, 

Av = S 1/2 AS~ 1/2 v, v G domS- 1/2 . 

Let B = XJ- X B. From YB = B one obtains S 1 / 2 B = B and the relation SB = C* 
yields S^C* = B. Therefore B*v = CS'^v, v G domS" 1 / 2 . The system 

is unitarily equivalent to r . Hence r is a minimal pgs-system with the transfer function 
6(A). Let v G domS 1 , u G domS* 1 / 2 . Then 



(s^i^S 1 / 2 ^ = fl^,^/ 2 ^ = (s^AS^u) 
(6.8) V 7 ) { ) \ 



It follows that the vector S^-^Av belongs to domS* 1 / 2 and 

SAv = A*Sv, v G dornS'. 

Consider domS* 1 / 2 as a pre-Hilbert space equipped with the inner product (f,g) s i/2 : = 
(S 1 / 2 f,S l l 2 g) and let #51/2 be the completion of domS* 1 / 2 with respect to this inner 
product. Since S 1 ' 2 Av = AS l ^ 2 v, v G domS* 1 / 2 , one obtains from (16. 8p 

(Au,v) s x/2 = (S 1/2 Av,S 1/2 u) = (S 1/2 v,S 1/2 Au) = (v,Au) sl/2 , 
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for all v,u G domS' 1 ' 2 . Thus, the operator A is symmetric with respect to the inner 
product (•, -) 5 i/2. Furthermore, the operator T defined via the block formula 



T 



D C 
B A 



91 



is a gsc-operator. In fact, since C* = S l ^ 2 B and S l l 2 B - 
fj s i/2 is the adjoint of the operator C : domS 1 / 2 C 5} 5 i/2 
matrix 



B, the operator B : 91 — ► 
->■ 91. Because the operator 



is a contraction, one obtains with / G dom S" 1 / 2 and w G 91 



+ Bu 

s 1 / 2 

S 1/2 (Af + Bu) 
AS 1/2 f + Bu 
< ||^ 1/2 /H 2 +ii« 



Cf 
2 

+ 



Du 
Cf 



Du 



B*S 1/2 f + Du 



s 1 / 2 



+ u 



Therefore, after a renormalization of the state space by means of the operator S the 
system f becomes a pgs-system. 

Finally, if the function 0(A) G S 9S (D1) is inner (co-inner) then y2e(0 = (ipe(0 — 0) 
for almost all ( G T, see ( 13.9ft . and now it follows from [5, Theorem 1.1] that every 



two minimal passive realizations of the inner (co-inner) function 0(A) G S 9S (91) are 
unitarily similar isometric (co-isometric) pgs-systems. □ 



7. The class S qs and Q-functions of quasi-selfadjoint contractions 

7.1. Hermitian contractions. Let A be a Hermitian contraction in the Hilbert space 
7i with domv4 = ft and let 91 = Ji Q $). Then A := P?,A \ ft is selfadjoint in the 
Hilbert space f). It follows that there is a contraction K G L(D^,91) such that 

(7.1) A = A + KD A . 

The operator A is said to be simple if there is no nonzero subspace in dom A which 
is invariant under Aq; cf. [23]. Since Aq is Hermitian, simplicity of Aq is equivalent 
to Aq being completely nonselfadjoint, i.e., Aq has no selfadjoint part. Note that Aq 
is simple if and only if the subspace in (14.5ft coincides with Sj; cf. (H Lemma 3.2]. 
For a Hermitian contraction Aq = A + KDa the restriction Aq \ 5}q is called the simple 
part of Aq. 

A gsc-operator T is said to be a quasi-selfadjoint contractive extension or qsc- 
extension of a Hermitian contraction A Q if 

A C T and Aq C T*, 

or, equivalently, if dom^o C ker (T — T*), cf. [B], [8]. A gsc-operator T has always 
Hermitian restrictions Aq for which T is a gsc-extension. Namely, with a subspace 
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m d ran (T — T*) define 

domA = ^ :=HQ% A = T\domA . 

Then domA C ker (T — T*). 

With A and .K" G L(2)^, 9t) as in (17.11) . the formula (14.11) provides a one-to one 
correspondence between all contractions X £ L(£)^») and all gsc-extensions of A. 
The operator form of all gsc-extensions with their resolvents was obtained in [7J, [8]. 
Clearly, the subspaces $)' and = io fj', where 

(7.2) fj := span {(T - zl)' 1 ^ : |*| > 1} = span {T n 9t : fiGN }, 

are invariant with respect to T and T*, respectively. The inclusion 91 C Sj' implies 
that f}" C 9?- L = domA C ker (T - T*). Therefore the restriction of T* to ft" is a 
selfadjoint operator in ft". The restriction Tfij)' (= PfyT\S)') is called the ^-minimal 
part of T. Moreover, T is said to be ^-minimal if the equality Sj — S)' holds [3] . 
The subspaces S}' and f) s of H = 9t © $j defined in (17.21) and (14.51) . respectively, are 
connected by $)' = 9t © ,f) s . Every gsc-extension T of the Hermitian contraction A in 
with dom A = generates a pgs-system in the following manner: let (11.71) be the 
block-operator representation of T, then the system r = {T; 9t, 9t, Sj} is a pgs-system. 

Proposition 7.1. Lei v4 fre a Hermitian contraction inTC = 9t©,f) witt fj = domA , 
let T be a qsc-extension of A in TC, and let r be the pqs-system generated by T with 
the state space Sj and the input and the output space 9t. Then the following statements 
are equivalent: 

(i) the Hermitian contraction Aq is simple; 

(ii) the qsc-extension T of Aq is Vl-minimal; 

(iii) the pqs-system t is minimal. 

Proof. The equivalence (i) 4=> (ii) was proved in [3]. For the proof of (i) <^> (iii), observe 
that the simplicity of A is equivalent to S)q = fj. Since TanK* C Da an d £>a is 
invariant under A , the inclusion 5}g C Da holds. Hence, SJq = Sj implies in fact that 
ker D Ao = {0}, i.e., \\Af\\ < \\f\\ holds for all / e ft \ {0}. Now the assertion follows 
from Proposition 14.21 □ 

7.2. Transfer functions and Q-functions. Let T be a gsc-operator in a separable 
Hilbert space 7i and let 91 be a subspace of ft such that 9t D ran (T — T*). The 
operator-valued function 



is said to be a Q-function of T, cf. j3]. Analytical properties of the Q-function of 
gsc-operators and its applications to the parametrization of the resolvents of all qsc- 
extenions of corresponding Hermitian contraction were established in [3]. 

Let 91 be a Hilbert space. An operator- valued function Q(z) with values in L(9T) 
and holomorphic outside D is said to belong to the class Q(9t) (see [31 Section 6]) if 

(SI) Q(z) has the asymptotic expansion 



(7.3) 



Q T (z)=P m (T-ziy 1 \% \z\ > 1, 



(7.4) 
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(S2) the kernel 

Q(z)-Q*(Z)-Q*(Z)(F-F*)Q(z) 



is nonnegative; 

(53) the kernel 

(1 - z 2 )Q(z) - (1 - g)g(g - (1 - zQQ*(Q(F - F*)Q(z) - (z - QZ 
is nonnegative; 

(54) there exist a complex number z , \z \ > 1, and a vector / G 91, such that 

w-yw-yw(f-f)gM ^ q-(, o) q(,„)/. 

2^0 — ^0 

If T is a gsc-operator in the Hilbert space fj, 91 is a subspace of fj such that ran (T — 
T*) C 91, and Qt(z) is its Q-function defined by (17. 3p . then the function Qt{z) belongs 
to the class Q(91), see [I]. The converse statement is also true. 

Theorem 7.2 ([!]). Let Q(z) belong to Q(91). Then there exist Hilbert spaces Tt D 91, 
91 7^ TC, and a ^-minimal qsc-operator T in S), such that 91 D ker (T — T*), and 

Q(2)=P 9t (T-z/)- 1 r«n, |z|>l. 

The next proposition gives connections between the transfer function of a pgs-system 
t and the Q-function of the corresponding gsc-operator T. 

Proposition 7.3. Let r = {T; 91, 91, fj} fre a pqs -system. Then the transfer function 
©(A) o/ r and tae Q-function of the qsc-operator T are connected by the following 
relations 

(T.5) Q(z) = (e (^\ - zl^ ,\z\>l; Q(\) = jI + Q- 1 (^j,\eB. 

Proof. With W(z) = 0(1/ z) — zl, \z\ > 1, the resolvent (T — zl)~ l has the form 

W~\z) -W-\z)C(A- zl)- 1 

-(A - ziy x BW~ x (z) (A - zl)~ l (/ + BW-\z)C{A - zl)~ v 

Here the Schur-Frobenius formula has been applied; cf. [H Section 2.4]. It follows that 

P n (T-zI)- 1 \Vt = W-\z). 

Thus, the relations (17. 5p hold. □ 

Observe that Theorem 15.11 and Theorem 17.21 imply that 0(A) belongs to S 9S (91) if 
and only if 

Q(z) = (e - zi^j , M>i, 

belongs to Q(91). 
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7.3. Scalar functions of the class S gs and Jacobi matrices. Let l 2 (N) an d ^2(^0) 
be the Hilbert spaces of square summable complex-valued sequences 

x = {xi, x 2 ,...,x k ,.. .}, x = {x , Xx,...,X k ,.. .}, 

considered as semi-infinite vector-columns, with the inner product given by 



fc=i 



k=0 



respectively. Clearly C © l 2 (N) = l 2 (N ). Define the vectors {5 k }, k e N , by 



1,0,0, 



S k = (0,..., 0,1, 0,0, 



keN, 



so that 1 is the (k + l)-st entry. Then the vectors {5 k } form an orthonormal basis in 
ia(No). 

Theorem 7.4. Lei the scalar function 0(A) belong to the class S qs . 

(i) If Q(X) is rational with n poles then any minimal pqs- system r = {T, C,C,i^} 
with the transfer function 6(X) is unitarily equivalent to the pqs-system 

to = {T ,C,C,C"}, 

where the operator To in the Hilbert space C © C n = C n+1 with respect to the 
canonical basis {S k }^ =Q is given by the three- diagonal Jacobi matrix 



(7.6) 



T 



/6(0) a 
a 








b% ai 
ai b 2 






a 2 



V 



a n . 



\ 



(ii) //0(A) is noi rational then any minimal pqs-system t = {T, C, C, i^} wift i/ie 
transfer function @(A) zs unitarily equivalent to the pqs-system 

r = {T ,C,C,/ 2 (N)}, 

where the operator Tq in the Hilbert space C © l 2 (N) = l 2 (No) with respect to 
the canonical basis {5^}^ is given by the semi-infinite three- diagonal Jacobi 



matrix 



(7.7) 



/6(0) a • -\ 
a bi at ■ 
ai b 2 a 2 • 

v J 



In both cases a k > and b k e R /or a// relevant k, and these numbers are uniquely 
determined by the function ©(A). 

Proof. Let 0(A) G S 9S . By Proposition O the function Q (z) = (0(1/ z) |*| > 1, 
belongs to the class Q. Without loss of generality it can be assumed that lm©(0) > 0. 
Since the function w(X) = 0(A) — 0(0) belongs to the Herglotz-Nevanlinna class, the 
function Q(z) has a holomorphic continuation to the lower half-plane. If 0(A) is rational 
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with n poles {//&}, then these poles are simple and belong to 
follows that 



-oo, 



■1) U (l,oo). It 



k=l 



A fc ) 



Im a > 0, 



n ( z - Mfc) 
fc=i 

and <3(-z) is rational with poles of total multiplicity n + 1, in the upper half-plane. 

Let r = {T, C, C, fj} be a minimal pgs-system with the transfer function 6(A). Then 
Q(z) is the Q-function of the corresponding gsc-operator T, i.e., 

Q(z) = ((T - zl)-%l) , \z\>l, 



where 



1 G C, G Sj (null- vector). 



The operator T in the Hilbert space Tt = C © S) is dissipative (ImT(/, /) > for all 
/ G dim ran (T — T*) < 1, and by Proposition 17. II the operator T is C-minimal, i.e., 
span {T n l : n G No} = Ti. If ImO(0) = 0, then T is selfadjoint with the cyclic vector 
1. If Im0(O) 7^ 0, then T is a prime dissipative operator with a rank-one imaginary 
part and, moreover, ran (T — T*) = C © {0}. 

Note that T is unitarily equivalent to T Q given by (17.61) (in the case of a rational Q(z)) 
or by (17.71) (in the opposite case) with respect the orthonormal basis {5k}, i.e., there 
exists a unitary operator U G L(H,C n+1 ) or U G L(W,Z 2 (N )) such that UT = T Q U; 
cf. Theorem 2.10, Theorem 6.1, Remark 6.2]. Moreover, 

(7.8) Ul = 6 . 

Thus, for \z\ > 1 it follows that Q(z) = ((To — zI)~ 1 5q, 5q). The entries of the matrix 
Tq can be found by the continued-fraction expansion of the function Q(z): 



Q(z) 



*n-l 



bn + 



; - 6(0) + z- h + z- b 2 + ... + z 

Note that To is selfadjoint with the cyclic vector So if Im O(0) = 0, and that To is a prime 
dissipative operator with a rank-one imaginary part and ran(T — T *) = span{5 } if 
Im0(O) ^ 0. From ([777]) it follows that 



To 



D 
Bo 



B* 
An 



C 



respectively, where D = 0(0), 



Bnl 



and 



C 



f a °\ 




w 



or T n 



£0 
Bo 



B* 
A n 



C 
/ 2 (N) 



B* 



w 



flo^l^O 









^0 1 


%2 






/ 2 (N) 
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Decompose T according to H = C © fj: 

/ ,'D B*\ fC\ (C 



B A J ■ \SjJ \F)J ' 

Because (I7.8P holds, the unitary operator U takes the following block operator matrix 
form 

U =(l v) («) "> (£) ° r U =[0 v) (£) (/ 2 (N) 

respectively. Hence, V A = A V, V B = B , i.e., the pgs-systems r and r are unitarily 
equivalent. □ 

Here is a simple example to illustrate the situation. 

Example 7.5. Consider the scalar-valued function 0(A) defined by 



0(A) = d+- — ^\ P , A G Ext {(— oo, —1] U [1, +oo)}. 
2A 

Then 6(0) = d and W(X) = 0(A) - 6(0) is given by 

W(X) = AGExt{(-oo,-l]U[l,+oo)}. 
Clearly W(A) is a Herglotz-Nevanlinna function. It follows that 



-2W[-)=V^T-z = - f ^^ d \ 2G Ext [-1,1]. 



z , 

-i 

Hence W(l) = — W(— 1) = 1/2. Moreover, 6(A) belongs to the class S qs if and only if 
\d\ < 1/2; see (I4.12p . Assume that this condition is satisfied. Consider the weighted 
Hilbert space L 2 ([— 1, 1], p(t)) with the weight function 

p(t) = -Vl- t 2 , te[-l,l]. 

7T 

Define the operator A in L 2 ([—1, l],p(t)) by 

(Af)(t)=tf(t), /(t)eL 2 a-l,l],p(t)). 

Then A is a selfadjoint contraction. The function eo(t) = 1, t G [—1,1] belongs to 
L 2 ([— 1, 1], p(t)) and ||e || = 1. Define the operator £> : C — > L 2 ([— 1, 1], p(t)) by 

5c = - ceo(t), c G C. 



Then 



5 7(*) = ^ Jf(t)VT^¥dt, f(t) eL 2 p(t)). 



-i 



Let .D be the multiplication by d in the space C. One can check that 

'D B*\ ( C \ / C 

B A ) : \L 2 ([-1, 1], p{t)) ) \L 2 ([-1, 1], p(t)) 



T 
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is a gsc-operator. Moreover, the corresponding pqs-system 

r = {T;C,C,L 2 ([-l,l],p(t))} 

is minimal and has the transfer function 0(A). Since the operator A is unitarily equiv- 
alent to the Jacobi matrix (see [T8] ) 

/ 1/2 • 

A = 1/2 1/2 

the unitarily equivalent three-diagonal minimal pgs-system is of the form 

1/2 • • -\ 
1/2 - • ■ 
1/2 1/2 ■ ■ • ' 

/ 
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